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Attempt any four questions. All questions carry equal marks. 

1. Find the limit                                                                                                                       

                                                            lim௫→ଵ  
௫మି ௫ ା ଵ

௫ ା ଵ
 

and establish it by using 𝜀-𝛿 definition of the limit of a function. 

      Suppose that lim௫→௖ 𝑓(𝑥) = 𝐿 where 𝐿 > 0 and lim௫→௖ 𝑔(𝑥) = ∞. Show that                   
lim௫→௖ 𝑓(𝑥) 𝑔(𝑥) = ∞. If L = 0 then show by example that the conclusion may fail. 

Let x > 0 and let [𝑥] denotes the greatest integer less than equal to 𝑥, then find 

                     lim௫→଴శ  ቄ𝑥 ቀቂ
ଵ

௫
ቃ + ቂ

ଶ

௫
ቃ + ⋯ + ቂ

଻

௫
ቃቁቅ. 

2. Use sequential criterion of continuity to prove that the function 

𝑓(𝑥)  = ቐ

ୱ୧୬

௫
,         if 𝑥 ≠ 0,   

           
  1,           if  𝑥 = 0,

 

is continuous at 0. 

       Let 𝑆 = {𝑥 ∈ ℝ ∶  𝑓(𝑥) = 0} be the zero set of a function 𝑓. If { 𝑥௡} is a sequence in 𝑆 and 
lim௡→ஶ 𝑥௡ = 𝑥, Show that 𝑥 ∈ 𝑆. 

       Let 𝐼 = [0, π/2] and let 𝑓: 𝐼 → ℝ be defined by 𝑓(𝑥) = sup{𝑥ଶ,  cos 𝑥}, 𝑥 ∈ 𝐼. Show that there 
exists an absolute minimum point 𝑥଴ ∈ 𝐼 for 𝑓 on 𝐼. Also show that 𝑥଴ is a solution of the 
equation cos 𝑥 = 𝑥ଶ. 

3. Prove that a continuous real valued function defined on a closed and bounded interval is 
uniformly continuous therein. 

Prove the inequality  
௫ ିଵ

௫
<  log 𝑥 < 𝑥 − 1 for 𝑥 > 1, by using mean valve theorem. 

Show that the function  𝑓(𝑥) =  
ଵ

ଵା ௫మ, 𝑥 ∈ ℝ is uniformly continuous on ℝ. 

4. Suppose that 𝑓 is a real valued function on ℝ and that 𝑓(𝑎). 𝑓(𝑏)  <  0 for some 𝑎, 𝑏 ∈ ℝ. Prove 
that there exists 𝑥 between 𝑎 and 𝑏 such that 𝑓(𝑥)  =  0. 

Show that a continuous function 𝑓: [0,1] → [0,1], has a fixed point. 

      State and prove the chain rule of differentiation and use it differentiate the function 

 sin൫√1 + cos2𝑥൯ . 
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5. If 𝑓 is continuous in [𝑎, 𝑏]and differentiable in (𝑎, 𝑏) then prove that there exists at least one 
𝑐 ∈ (𝑎, 𝑏) such that 

௙ᇲ(௖)

ଷ௖మ =  
௙(௕)ି௙(௔)

௕య ି ௔య . 

Prove that sin2θ < θ.sin(sinθ) for 0 < θ < (π/2). 

Determine the interval in which the function 𝑓(𝑥) =  𝑒√௫ is convex. 

 

6. Use Taylor’s theorem to approximate sin(0.4) by fourth degree polynomial and determine the 
accuracy of the  approximation. 

Obtain the Maclaurin series expansion of the function cos22x.  

Show that 𝑒గ >  𝜋௘. 
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